We study the phenomenon of spontaneous symmetry breaking in dissipationless resonant tunneling heterostructures (RTS). To describe the quantum transport in this system we apply both the nonequilibrium Green function formalism based on a tight-binding model and a numerical solution of the Schrödinger equation within the envelope wavefunction formalism. An auxiliary non-Hermitian Hamiltonian is introduced. Its eigenvalues determine exactly the transparency peak positions. We present a procedure how to construct a family of non-Hermitian Hamiltonians with real eigenvalues. In general these Hamiltonians do not have PT -symmetry. In spatially symmetric RTS the corresponding auxiliary non-Hermitian Hamiltonian becomes PT -symmetric and possesses real eigenvalues, which can coalesce at exceptional points (EP) of Hamiltonian. A coalescence of the auxiliary non-Hermitian Hamiltonian eigenvalues means a coalescence of resonances in RTS, which is accompanied be symmetry breaking of the electron wavefunction probability distribution (at a given direction of the particle flow). We construct a classification of different types of the peak coalescence in terms of the catastrophe theory and investigate the impact of dissipation and asymmetry on these phenomena. Possible applications include sensors and broad-band filters.
I. INTRODUCTION
A new class of symmetry breaking (SB) phenomena has attracted a lot of attention in past years -PT -symmetry breaking 1-3 (here P stands for the space inversion and T -for the time reversal symmetry operations). A new physical field has emerged following the discovery of Bender et al.
1 that a non-Hermitian Hamiltonian, which is invariant with respect to both the space inversion (P) and the time reversal (T ) can possess real eigenvalues. These Hamiltonians are referred to as pseudo-Hermitian Hamiltonians 4 . SBs in condensed matter physics are closely related to phase transitions. Microscopic mechanisms of phase transitions are quite cumbersome and involve as a rule elaborate many-body interactions. On the contrary, mechanisms of PT -SB look very simple. Under a variation of a specific system parameter (tuning parameter), which doesn't change directly the symmetry of the system, two real eigenvalues can coalesce and transform into other two ones with nonzero imaginary parts of different signs and with equal real parts, which is called PT -symmetry breaking (PT -SB). Such behavior of eigenvalues was known long ago in linear operators theory where the point in the parameter space, at which two real eigenvalues coalesce and turn into a pair of complex eigenvalues, is called exceptional points (EP) [5] [6] [7] . Besides their fundamental physical interest systems with EP in energy spectrum are claimed to be promising in different applications, such as sensors 8 , non-reciprocal light transmission lines 9, 10 and robust asymmetric waveguide switches 11 . Up to now the most realistic applications of PT -SB with possible experimental manifestations have been based on the formal equivalence of the Schröedinger and wave equations and described electromagnetic phenomena 12 . A Hamiltonian eigenvalue with nonzero imaginary part corresponds to a nonunitary wavefunction evolution, which is forbidden for fermions by norm preserving condition. Hence, it was unclear whether fermionic systems having anything to do with pseudoHermitian PT -invariant Hamiltonians could exist. However, it is well known that in optics T -breaking terms in the wave equation describe well established gain/loss processes. PT -symmetric optical systems were studied with great detail, including waveguide 10, 13 and photonic lattice 14 structures, laser systems 15 and a new type of optically active systems -coherent perfect absorbers 16 . Features of scattering problems in PT -symmetric optical systems were studied in detail in Ref. 17 . Also Tbreaking terms as creation/annihilation processes can be easily introduced in bosonic systems. PT -symmetric Bose-Einstein condensate was studied in Ref. 18 . Superconducting PT -invariant model was considered in Ref. 19 . But T -breaking terms in this case describe creation/annihilation processes once again in a bosonic (Cooper-pair) field. Special case of exotic Majorana fermions was described in Ref.
20 .
An eigenstate of the Hamiltonian at EP is nondegenerate contrary to a crossing point. So, formally the number of states reduces from two to one under the variation of a tuning parameter. Such transformation is forbidden in a closed system that conserves particle number. Hence openness is a necessary condition for a physical realization of fermionic EP. Discrete energy levels of a closed quantum system match the resonances in the corresponding open quantum system. A powerful tool to describe open quantum systems and resonances in the scattering cross section is the scattering matrix theory 21, 22 .
This well established approach 21 relates resonances to the poles of the scattering matrix. The resonances similar to the energy levels exhibit crossings and anticrossings 23, 24 under a variation of the system parameters. However, an exact location of the resonance on the real energy axis coincides with the real part of the S-matrix complex pole only for narrow (i.e. located near the real axis in the complex energy plane) and weakly interacting resonances 21, 24, 25 . The Breit-Wigner formula describes exactly this situation. In the case of a wide but still isolated resonance a better fit for the resonance location could be obtained by taking the modulus of the pole complex energy value 26 . A direct equivalence between the scattering matrix poles and eigenvalues of a Hermitian Hamiltonian with the outgoing Siegert boundary conditions has been established in Ref. 27 . Hence one should expect that the S-matrix language would be appropriate to describe the PT -SB phenomena in PT -symmetric systems as well. The evolution of the S-matrix poles in PT -symmetric systems do bear some features peculiar to the EP picture 28, 29 but the cross section versus energy dependence doesn't match exactly the evolution of the S-matrix poles 24, 28, 30 . It was established in Ref.
16
for optical gain/loss media that the eigenvalues of the S-matrix rather than the poles should be used to describe physically observable PT -SB. A pair of unimodular eigenvalues of the S-matrix turns into a pair of nonunimodular values at the scattering matrix EP 16 . In a PTsymmetric phase in both electromagnetic modes corresponding to these eigenvalues gain and loss are balanced while in a PT -nonsymmetric phase one mode is attenuated and the other one is amplified. Later it was shown by means of numerical modeling 17, 31 that in the parameter space there is a line separating PT -symmetric and PT -nonsymmetric phases. This line can match proper boundary conditions by EP points of the PT -symmetric Hamiltonian.
A coalescence of three resonances with the unit transparency into a one resonance with the unit transparency has been described in Ref. 28 in a model of interacting quantum dots. However, in looking for a resonance behavior similar to EP picture one should expect a coalescence of two resonances with the unit transparency and their transformation into a single resonance with a transparency smaller than one. Just this transformation was described in the dissipationless resonant tunneling heterostructure (RTS) in Ref. 24 , which was called collapse of resonances (CR). CR is accompanied by SB of the electronic density distribution, which is symmetric at the unit transparency resonance and becomes asymmetric after CR. Later in Ref.
32 CR in a multiwell heterostructure was associated with PT -symmetry breaking in the underlying Schröedinger equation with the PT -symmetric Robin boundary conditions. Recently in Ref. 33 it was shown that the exact location of the unity resonances of a spatially symmetric RTS on the real energy axis coincide with the eigenvalues of some auxiliary PT -symmetric non-Hermitian Hamiltonian. CR corresponds to EP of this auxiliary Hamiltonian. T -noninvariance of the auxiliary Hamiltonian describing a dissipationless and hence primarily T -invariant RTS is related to the formulation of the scattering problem with a given direction of the particle flow. The reversal of the particle flow results in sign reversal of terms in auxiliary Hamiltonian responsible for T -symmetry violation. The reversal of the particle flow results also in the spatial inversion of the asymmetric electron distribution at the resonance energy in the PT -symmetry broken phase.
In the present paper we study in details the phenomenon of PT -SB in a dissipationless RTS and establish a direct correspondence between the problem of finding the scattering transparency peaks and some Hamiltonian eigenvalue problem. The structure of the paper is as follows. In Sec. II we introduce a tight-binding model of RTS that makes it possible to obtain basic results in an analytical form. We apply a general approach to quantum transport based on the nonequilibrium Green function (NEGF) formalism and obtain an expression for the RTS transparency, which directly maintains a connection between the poles of the scattering matrix (transparency coefficient) and the eigenvalues of an effective non-Hermitiam Hamiltonian. In Sec. III we show that an auxiliary non-Hermitian Hamiltonian can be introduced, whose eigenvalues determine exactly the transparency peak positions. The description of an open quantum system on the basis of the auxiliary non-Hermitiam Hamiltonian is equivalent to the description of the corresponding closed quantum system with the complex valued third type boundary conditions. The equivalence between the resonance peaks location and the eigenvalue problem for the auxiliary Hamiltonian helps to construct a family of non-Hermitiam Hamiltonians, which are not PT -symmetric but possess real eigenvalues. In Sec. IV we study a spatially symmetric RTS. The auxiliary non-Hermitian Hamiltonian in this case becomes PT -symmetric and can possess all real eigenvalues, which determine exactly the positions of the unit transparency peaks. We show that EP of the auxiliary non-Hermitian Hamiltonian in RTS with an even number of wells corresponds to a collapse of resonances accompanied by SB of the electron probability distribution while in RTS with an odd number of wells the spatial symmetry could retain. In Sec. V a complimentary description of SB in a spatially symmetric RTS is presented on the basis of a numerical solution of the envelope wavefunction Schrödinger equation. In Sec. VI we show that a variety of CR in RTS can be described properly in terms of the catastrophe theory 34 . In these terms different types of CR correspond to different types of catastrophes. The last section contains a summary and a short discussion of the results.
II. MODEL
The system under study is an arbitrary multi-well resonant-tunneling heterostructure with only a single energy level in each well. Physically this means that we consider only one subband generated by these quasilocalized states and ignore any intersubband interaction. The model describes on equal grounds a multiple quantum dot linear chain coupled to the continuum (similar to the model considered in Ref. 28, 35 ). The Hamiltonian of this system in the tight-binding approximation, accounting for only the nearest neighbor hopping is expressed as 36 :
The first term in (1) describes isolated N -well RTS:
where a † i (a i ) are the creation (annihilation) operators of the electrons in the i-th well with the energy ε i and τ i is the tunneling matrix element between the i-th and the (i + 1)-th wells. The HamiltoniansĤ LC /Ĥ RC describe the left/right contacts with the spectrum ε p and the interaction between the system and contacts via the tunneling elements t L(R) :
where the operator a L(R),p corresponds to the state with momentum p in the left(right) contact.
We use the Keldysh formalism in the above tightbinding approximation 36, 37 . We begin with the retarded Green's function of the isolated N -well RTS:
whereÎ is the identity N × N matrix. Accounting for the interaction with the contacts we can follow, for example, Ref. 36 and write down the full propagator from the 1-st to the N -th well in the form:
Here G 0r ij are appropriate elements ofĜ 0r matrix and Σ L,R are the contact self-energies defined as:
where g r L,R are the retarded Green's functions in the contacts. From Eq. (4) one can derive the expression for the components ofĜ 0r in the form:
Here we have introduced D p q -the determinant of the matrix (ωÎ −Ĥ 0 ) with the first p rows and p columns and the last q rows and q columns crossed out. Substituting (8) into (5) one gets:
where
The matrix ωÎ −Ĥ 0 is tridiagonal, so we can use the following recurrence relation:
Let us consider the expression D 
. Thus, the denominator in (9) is nothing but the determinant of ωÎ −Ĥ ef f :
whereĤ ef f is the effective Hamiltonian of the open system under consideration (RTS interacting with the continuum in the contacts):
Here the interaction with the contacts is taken into account by (
Real parts δ L,R of the self-energies (7) correspond to the energy shift and imaginary parts Γ L,R describing the decay into the bulk's continuum, which is close in a sense to the Feshbach optical potential 38 . The matrix H ef f takes the form:
In the Keldysh formalism the current through the structure consisting of N coupled wells can be written in the standard form 36 :
where f L,R is the Fermi distribution function in the left/right contact. The transmission probability is directly expressed through the full propagator G r 1N :
Hence if we substitute (12) into (16), we get for the transmission coefficient the well known expression -a fraction with the characteristic polynomial of the system's effective Hamiltonian in the denominator 39, 40 :
From (17) it follows immediately that the poles of the transmission probability and hence the poles of the scattering matrix coincide with the eigenvalues of the non-Hermitian Hamiltonian H ef f (13) and (14), which are complex numbers. For N = 1 Eqs. (14) and (17) give the familiar Breit-Wigner formula. The resonance location on the real energy axis in this case exactly matches the real part of the transmission probability (as well as the S-matrix) pole. However, for strongly interacting resonances, which could undergo a coalescence, another approach is required.
III. AUXILIARY HAMILTONIAN
Let us consider the denominator of (17), where we substitute Σ L,R as δ L,R − iΓ L,R correspondingly. One can expand the determinant and rewrite it in the following way: 
to the squared modulus of (18), we can rewrite it as:
This equation determines Q up to an arbitrary phase factor. We can use this degree of freedom to define Q as
Comparing Eqs. (18) and (21) it is easily seen that Q in (20) and (21) is the characteristic polynomial of some auxiliary HamiltonianĤ aux :
HereĤ * L is the complex conjugate ofĤ L from (13) . Definition (23) describes the electron flow from the left to the right. On the other hand, the opposite electron flow direction leads to the definitionĤ aux =Ĥ 0 +Ĥ L +Ĥ * R . As one can expect, the transmission coefficient is insensitive to the electron flow direction. The matrix of the auxiliary Hamiltonian iŝ
(24) Ergo we have shown that the transmission of the arbitrary multi-well system (17) can be rewritten as:
with Q = det (ωÎ −Ĥ aux ) that is the characteristic polynomial of the non-Hermitian auxiliary Hamiltonian describing the electron flow from the left to the right. Thus, we get, that the resonances of the transmission are exactly determined by the eigenvalues of the auxiliary Hamiltonian, which is the main result of this section. Formally the auxiliary HamiltonianĤ aux differs fromĤ ef f in that it has the opposite signs of the imaginary terms in the first and the last element on the main diagonal (Fig. 1) . These terms inĤ aux correspond to inflow and outflow of electrons. The imaginary terms in the Hamiltonian allowing for a description of incoming and outgoing electrons were considered also in Refs. 29, 41 . InĤ ef f the imaginary terms making the Hamiltonian non-Hermitian describe only the outflow of electrons that characterize a transformation of a closed quantum system to an open one, whose eigenstates acquire a finite lifetime.
Expression (25) represents a compact generalization of the Breit-Wigner formula to the multilevel case. The real roots of Q are exactly the positions of the unity peaks of the transmission. The complex roots correspond to resonances with a transmission value smaller than unity. In the case of well separated non-unity resonances the positions of non-unity peaks are approximately determined by the reals parts of the complex roots of Q.
Interrelation between the auxiliary non-Hermitian Hamiltonian and the underlying Hermitian Hamiltonian of the closed system can be easily understood in the following way. Let's consider dynamics of tight-binding site (quantum well or quantum dot) amplitudes a i governed byĤ aux :
Eqns. (27) (28) can be considered as complex boundary conditions (BC) in the site representation for the Hermitian Hamiltonian describing the closed quantum system. So, the system described by the auxiliary Hamiltonian is a bounded system with special BC. To derive BC in a standard form we add two outer sites i = 0, N + 1 with extrapolated from inner region amplitudes (ã 0 and a N +1 ). The extrapolated amplitudes satisfy:
which makes equation (26) applicable in the whole inner region 1 ≤ i ≤ N . The standard form of BC can be obtained treating the site amplitudes a i as slowly varying functions of the site number, which we can express in terms of the envelope function ψ(x) of the continuous coordinate variable x:
Here A is a normalization constant (a conversion factor from the site representation into the continuous one) and d L,R -intersite spacing. Substituting (30) into Eq. (29), we get mixed (third type) BC for the envelope functions:
Thus, the auxiliary Hamiltonian allows to map the unbounded scattering problem for RTS of a general form (including nonsymmetric RTS) into a bounded one with certain BC (31) . This result generalizes the observation of Ref. 32 that the collapse of the overbarrier resonances in a symmetric multiple quantum well structure can be described on the basis of a Hermitian Schröedinger equation with the PT -symmetric Robin boundary conditions.A similar feature was described in Ref.
17 in studying the S-matrix eigenvalues properties of PT -symmetric optical systems. However, the parameter λ L,R in our case is a complex quantity that is different in general on different subsets of the boundary, while in Ref.
17 it is pure imaginary and takes the same value on the whole boundary (Robin BC). It reflects the fact that we are dealing with a scattering problem at a given direction of the particle flow but not with the scattering matrix eigenvalue problem.
To demonstrate efficiency of the auxiliary Hamiltonian notion consider perfect transmission of non-symmetric RTS. Any RTS can be considered as a two-barrier RTS with composite barriers. Perfect transmission takes place when the transparencies of the composite barriers are equal to each other. According to the results of this section the unit transparency is achieved at the energies, which are the real eigenvalues of the non-Hermitian Hamiltonian. However, a non-symmetric RTS is characterized by an auxiliary non-Hermitian Hamiltonian which is, generally, not PT -symmetric. Hence we obtain the method of constructing non-Hermitian Hamiltonians with real eigenvalues, which do not possess PTsymmetry.
Consider as an example an asymmetric double-well structure. In the case of a perfect trasmission the polinomial Q of the structure should have one real and one complex root:
where a, b and c are real. On the other hand, a general form of Q gen for an asymmetric structure is:
Expanding (34) and comparing it's coefficients with (33) one can conclude that it is possible to make one unity transmission peak by tuning only one parameter, for example, setting ε 1 to be:
This substitution makes transmission to be perfect at
The sign choice in (36) depends on the sign chosen in (35) . Thus, we have shown that a double-well asymmetric structure can have perfect transmission at any given energy ω 0 . This can be achieved by tuning system's parameters in a way to have ω 0 = ω perf from (36) and setting ε 1 in accordance with (35) . In turn the non-PT -symmetric non-Hermitian Hamiltonian described by matrix (34) possesses real eigenvalues Q.E.D.
IV. SYMMETRY BREAKING IN SYMMETRIC STRUCTURES
In symmetric RTS (Γ L = Γ R = Γ, ε N +1−i = ε i , δ L = δ R and τ N −i = τ i ) the auxiliary Hamiltonian (23) becomes PT -symmetric:
where (Ĥ Γ ) ij = iΓ(δ i1 δ j1 − δ iN δ jN ) corresponds to the case of the electron flow from the left to the right. Thus, for symmetric RTS, the unity peaks of transmission, according to (25) , are defined by the eigenvalues of the non-Hermitian PT -symmetric Hamiltonian (37), which can be real and possess EP. Under these assumptions the mixed BC (31) become Robin PT -symmetric with:
Hereinafter we assume the states in each well to have the same energy (ε i = ε 0 for each i) and the energy shifts in the outer wells to be zero (δ L = δ R = 0). These restrictions make it possible to describe the collapse formally of an arbitrary number of resonances. The assumption about the real parts of the self-energies (δ L = δ R = 0) physically means that we consider energy levels of RTS located near the center of the band in contacts 42 (equivalently we can treat the contact band to be wide compared to the RTS subband 43 ). In the case of symmetric structures all the coefficients of polynomial Q are real and it has some remarkable properties, which are rigorously proved in Appendix A. It can be shown that Q is the N/2-th order polynomial of (ω − ε 0 ) 2 for even N and (N − 1)/2-th order polynomial of (ω − ε 0 ) 2 multiplied by (ω − ε 0 ) for odd N . Hence all the roots of Q are symmetric in pairs with respect to the energy ω = ε 0 . There are enough independent system's parameters Γ and {τ i } to control the positions of all the roots of Q (taking into account the aforementioned restrictions). The coalescence of two real roots of Q at EP and then their transformation into a pair of complex conjugates corresponds to the coalescence of two unity resonances into one with a transmission value smaller than unity. In structures with an even number of wells N all the roots of Q (all the eigenvalues of PTsymmetricĤ aux ) can be made complex under a variation of the Hamiltonian parameters, which means the absence of unity transmission peaks. At the resonance with the transparency smaller than unity the spatial symmetry is broken (see this section below). Hence, a coalescence of resonances in such a structure with an even number of wells means PT -symmetry breaking of the auxiliary Hamiltonian. It is the collapse of resonances (CR), which was described in Ref. 24 for N = 2 resonances. However, for an odd N there is always at least one real root ω = ε 0 (see Appendix A for details). Hence, there is always at least one perfect transmission resonance, which preserves the spatial symmetry. For N = 3 resonances it was observed in Ref. 35 . Generally, the interaction of pairs of eigenvalues is the only type ofĤ aux eigenvalues interaction 44, 45 . However, under a specific choice of the Hamiltonian parameters (just as made in this section) all the unity resonances can coalesce together forming an Nth order exceptional point (EP) ofĤ symm aux =Ĥ PT (they do it in pairs but at the same values of the parameters and energy).
Consider the electron's density distribution in a symmetric RTS. In the absence of incoherent effects (inelastic scattering, etc.) one can write the electron concentration in the i-th well in the Keldysh formalism as 46 :
where f L,R is the Fermi-Dirac distribution function in the left/right contact correspondingly. The propagators G r i1 and G r iN can be obtained from the following Dyson equation 36 :
where the Green's function of the isolated system G 0r ij is derived from (4) 
are simplified to Σ L = Σ R = −iΓ under the assumptions made in this section. From (39) we can get:
with ∆ determined in (6) . One can see from Eq. (38) , that the electron concentration in the N − i + 1-th well (symmetric to i-th one) is defined by the absolute values of the propagators G r N −i+1,1 and G r N −i+1,N , which, according to the symmetry of the structure, are equal to the absolute values of G r iN and G r i1 correspondingly. So, the difference of the electron concentrations in the symmetric i-th and N − i + 1-th wells can be written as follows:
Using (4) 
The last factor in (42), according to (11) and definition of the polynomial Q, is equal to D 0 0 Q. So, we can rewrite (41) as:
The key feature of Eq. (43) is that n i − n N −i+1 ∝ Q. A real energy ω r , corresponding to a unity-valued resonance is equal to a real root of Q, so in such a resonance the value of Q(ω r ) and, consequently, the value of the difference n i (ω r ) − n N −i+1 (ω r ) is zero for any i -i.e. the electrons are distributed symmetrically. However, for the case of a resonance with a transmission coefficient value smaller than 1 (for example, in the postcollapse 33 state), the value of Q at the resonance's position energy ω c is nonzero and so the difference n i (ω c ) − n N −i+1 (ω c ) = 0, which means the symmetry breaking of the electron density distribution. Thus, in structures with an even number of wells, there is a symmetry breaking accompanying CR, because the transmission at the remaining peak after CR is less than unity. In the case of an odd number of wells, as we have shown above, the remaining peak is always unity-valued and, so, no symmetry breaking happens.
Introduction of the auxiliary HamiltonianĤ aux makes it possible to perform a direct comparison between the poles of the scattering matrix and location of the transmission resonances by studying the eigenvalues ofĤ ef f andĤ aux . In the tight-binding approximation the poles of S-matrix of a double-well symmetric structure are:
The transmission peaks are located at energies, which are eigenvalues ofĤ aux :
It is easily seen from (44) (45) , that in the limit of a narrow well separated resonances (Γ ≪ τ 1 ) positions of the transmission peaks ω 2W peak coincide with the real parts of the S-matrix poles up to the terms linear in Γ/|τ 1 |:
In the case of an overlapping and wide resonances, when Γ/τ 1 is not small, the approximation of peaks positions with real parts of S-matrix poles is completely unsuitable. Moreover, the scattering matrix poles do not describe the behavior of overlapping resonances even qualitatively. Indeed, the transmission peaks positions (45) can coalesce at Γ = |τ 1 |, whereas the real parts of the S-matrix poles (44) do not coalesce at all. Although, the real parts of the S-matrix poles can exhibit a coalescence as well. For example, in an N = 3 well structure the S-matrix poles are:
where n = {−1, 0, 1}. The transmission peaks in this case are located at ω 3W peak = ε 0 + n 2|τ 1 | 2 − Γ 2 , where again n = {−1, 0, 1}.
V. ENVELOPE WAVEFUNCTION APPROXIMATION
The previous discussion was based on a tight-binding approximation with the nearest neighbors hopping. Nevertheless, qualitative conclusions are meaningful beyond this approximation and are quite universal. In this section we demonstrate this universality by means of a numerical solution of an effective mass 1D Shrödinger equation:
with a step-like potential U (x) describing an N -well RTS. To solve Eq. (46) numerically we use the transfer matrix technique [47] [48] [49] . The assumption made in the tightbinding model about the energy shifts: δ L = δ R = 0 is taken into account in the Shrödinger equation formalism by placing the energy of the quasilocolized states in the middle of the barrier height 39 . Figure 2 shows the positions of the transmission maxima vs. the ratio of the central to the outside barrier widths (l/w) and the electron wavefunction distribution profiles for the N = 2 wells and N = 3 wells structures with the barrier height of V = 0.3 eV, effective mass m * = 0.067m 0 , fixed outside barrier thickness of w = 2 nm and wells width of a = 3.0485 nm (which sets the energy of the quasilocolized states in the middle of the barrier height). The transmission coefficient vs. the energy plots are shown in Fig. 3 for the same values of the l/w ratios as the electron wavefunction profiles in Fig. 2 . In the case of an odd N (Fig. 2b ) the postcollapse transmission is perfect and the symmetry of the electron wavefunction distribution is conserved, whereas for an even N (Fig. 2a ) the postcollapse transparency peak has a non-unity magnitude and the symmetry is broken. The physical mechanism of the different behavior of symmetric systems with odd and even numbers of the quantum wells at EP is as follows. As was pointed above and in Refs. 44, 45 the coalescence of resonances is a pair process. The electronic state is degenerate at the EP (contrary to the crossing point) and is formed by a linear combination of the states at the resonances, which undergo the coalescence. In the case of an even-N structure such states are always either adjacent states on the energy axis or they are separated by an even number of resonances (for higher order EP), i.e. they possess the reverse symmetry. Hence, a combination of symmetric and antisymmetric wavefunctions results in the formation of a nonsymmetric wavefunction that is responsible for the spatial symmetry breaking. In the case an odd order EP, which is depicted in Fig. 2b , a pair of resonances undergoing a coalescence is separated on the energy axis by an odd number of resonances and the corresponding wavefunctions possess the same symmetry. Hence, state at EP preserves its symmetry, which remains unbroken. A numerical simulation of a triple-well structure shows that both the S-matrix poles and the resonances positions can coalesce, however, at completely different ratios of the parameters in accordance with the analytical tightbinding results of the previous section. Figure 2b with the results of the numerical simulation illustrates this statement -transmission peaks (solid lines) coalesce at appr. l/w = 2.285 and the S-matrix poles (dashed lines) at appr. l/w = 3.
It directly follows from the above presented physical picture of SB that in odd-N structures a coalescence of two adjacent resonances will result in SB just as in even-N structures. Consider a symmetric N = 5 wells structure with the barrier height of V = 0.3 eV, inner barriers thickness l 1 = 3 nm and l 2 = 5 nm (inset in the Fig. 4a.) and interbarrier separation (well width) a = 5 nm. In this case there will be two groups of levels of the whole structure (strictly speaking -subbands accounting for the in-plane motion) originating from the two energy levels E 0 = 0.0893 eV and E 1 = 0.2869 eV in the isolated well. We consider the lowest group of levels, generated by the state with the energy E 0 < V /2, which means that there are negative shifts δ L = δ R in the 1-st and 5-th wells energies 39 , respectively. The results of the envelope function (46) simulations are depicted in Fig. 4a . parts of the complex eigenvalues of the tight-binding auxiliary Hamiltonian that qualitatively corresponds to this situation (δ L = δ R < 0). The tight-binding qualitative model helps to understand which pair of the resonances undergoes a coalescence and bifurcation because it shows the positions of the real parts of the complex eigenvalues of H aux in the region, where the numerical calculation fails to resolve nonunity peaks, as they are absorbed by peaks with higher transparency. The simulation results explicitly demonstrate that two adjacent resonances in an odd-N structure do undergo CR accompanied by SB. Another interesting feature -is a reentrant transition into a PT -symmetric region from a symmetry broken phase. Analogous behavior of the eigenvalues was described in Ref. 45, 50 . A coalescence of only one pair of resonances in an N = 5 well symmetric structure was described in Ref. 39 , where it was related to a superradiance transition and population trapping 51 caused by multichannel effects (the latter results in narrowing of N − 2 and broadening of 2 resonance levels of an open system 52 ). Our structure (inset in Fig. 4a ) differs from the structure in Ref. 39 only by different numerical values of the barrier thickness, height and wells width. In our example one can observe a coalescence of different numbers of resonance pairs in different regions: three unity peaks in region I, one unity and one nonunity peak in region II, single unity peak in region III and so on (see Fig. 4a ). Hence it has nothing to do with multichannel effects (in fact we have only one incoming and one outgoing channel).
VI. CATASTROPHES
Consider an N -order EP where N resonances with the unit transparency coalesce (CR point). Such a point is defined by a certain ratio between the structure's parameters Γ : |τ 1 | : ... : |τ N −1 |, i.e. it is a specific point in the projective space of the parameters. Thus, one can treat an N -order EP as a quantum catastrophe 53, 54 of the auxiliary Hamiltonian. At the very moment of the resonance coalescence the polynomial Q has only one degenerate root ω = ε 0 and so it has the form:
N . Consequently, the transmission coefficient at the CR point has essentially a non Breit-Wigner form:
whereΓ is a function of structure's parameters Γ and τ i . The main feature of this expression is that first 2N − 1 derivatives take zero values at ω = ε 0 . The first nonzero derivative will be only of the 2N -th order, which means that it is a degenerate extremum point, and the best mathematical tool here is the catastrophe theory. If one chooses the structures parameters {τ i } and Γ close to their critical ratios |τ i |/Γ = c i (corresponding to CR), the Taylor expansion of the transmission coefficient near ω = ε 0 will be as follows (truncating higher order terms):
N W (ε 0 ) = 0, x = ω − ε 0 and T ′ N W (ε 0 ) = 0 as it is an extremum point. If one introduces a small detuning of the parameters from their critical ratios: α i = |τ i | − c i Γ, then higher order derivatives (up to 2N − 1) can be assumed to be some h-order (h ≥ 1) forms of {α i } vector, because they vanish at the moment of CR (when all α i = 0).
According to the Tom and Arnold's classification of elementary catastrophes 34 such an expansion with the highest nonzero term of the 2N -th order is classified as of cuspoid type catastrophe A − (2N −1) . Consider as an example expansions for triple-and four-barrier (N = 2 and N = 3) structures for which the catastrophe classification has special names: A −3 -cusp and A −5 -butterfly. After bringing to the canonical form (i.e. applying an appropriate variable substitution) the expansions take the form of cross-sections of the corresponding catastrophes:
where k 2 and l 2,4 are nonzero coefficients. Here α 1 is a control parameter and x is a variable. Introduction of small imperfections in an ideal symmetric structure results in a modification of the transmission coefficient derivatives in Eq. (48) . Dissipative effects in the Keldysh formalism can be described by an appropriate self-energy 55 with a certain spectral function J(ω) of the scatterers (in the simplest case of an elastic phase breaking 56 : J(ω) ∝ δ(ω)). Also, one can treat scattering in a phenomenological model of an optical potential 57 in the effective mass Shrödinger equation approach (46) . The scattering influences the transmission in two ways: through a modification of the coherent part and through an introduction of the incoherent part. Weak elastic phase breaking can be described phenomenologically by adding small terms in the expressions for the derivatives. Therefore, the canonical expansion f 0 3B in eq. (49) can be rewritten as:
where m 1,2 -nonzero coefficients and W 0 -a quantity, describing the scattering (for example, a value of the optical potential or the imaginary part of the corresponding self-energy in the Keldysh formalism). This expansion is a fully parametrized cusp catastrophe. From eq. (50) it is clear that CR is possible only in the absence of scattering (when both linear and quadratic terms in (50) turn to zero). Figure 5 schematically shows the surface of the extreme points of the total transmission (sum of the coherent and incoherent parts) of a symmetric double-well structure with scattering in the wells in the small neighborhood of CR point. Also, one can see here its numerically calculated cross-sections for the structure with left and right barrier thickness of w = 2 nm, barriers height V = 0.3 eV, well width a = 3.0485 nm and effective mass m * = 0.067m 0 . This surface have a typical form of a cusp type catastrophe. It can be shown that presence of scattering modifies P in the denominator of Eq. (25) to P ′ > P , thus, making it greater than P in the numerator. Introduction of asymmetry in a double-well RTS (Γ L = Γ R ) has similar results. If asymmetry is small, then the expansion of the transmission in the canonical form is expressed as:
where γ is a small asymmetry parameter: γ = Γ L − Γ R and n 1,2 are nonzero coefficients. Contrary to scattering, an asymmetry influences the linear term only in the second order of smallness (multiplied by another small parameter α 1 ). It is worth mentioning that, as can be seen from Eq. (50 -51), effects of an asymmetry and scattering cannot cancel each other, i.e. CR cannot be achieved in the structure with both small scattering and a small asymmetry, because their influence is of different order.
VII. SUMMARY
We have shown that the problem of determining the positions of the transparency peaks in dissipationless RTS can be mapped exactly on the eigenvalue problem for an auxiliary non-Hermitian Hamiltonian. This auxiliary non-Hermitian Hamiltonian can be deduced directly from an effective optical-potential-like Hamiltonian, which describes decaying states of an open quantum system and whose eigenvalues determine the poles of the scattering matrix. Real eigenvalues of the auxiliary non-Hermitian Hamiltonian exactly define the position of unit transparency peaks. Hence, we obtain the procedure of mapping generally non-symmetric RTS on a family of non-Hermitian Hamiltonians, which generally do not have PT -symmetry but do possess real eigenvalues. What kind of symmetry, if any, is responsible for realness of eigenvalues is an interesting question to be answered in future studies.
In a spatially symmetric RTS the auxiliary nonHermitian Hamiltonian is PT -symmetric and its real eigenvalues can coalesce at EP. Hence, all the results obtained in the literature concerning EP and PT -symmetry breaking are applicable to the description of a symmetric RTS. A coalescence of the auxiliary non-Hermitian Hamiltonian eigenvalues means the coalescence of resonances in RTS. Thus, manifestation of PT -SB in a fermionic system has been described. In fermionic systems a conventional approach to associate PT -invariant terms in the non-Hermitian Hamiltonian with gain/loss processes is not directly applicable because of the particle (norm) conserving requirement for fermions. In our model these terms correspond to incoming/outgoing flows of electrons. A macroscopic quantity, which characterizes PT -symmetry of our system is the stationary current or particle flow that is a polar and time-odd vector. Our model explains why a coalescence of an even number of resonances does result in SB and a coalescence of an odd number of resonances does not. Spontaneous SB phenomenon in an open quantum system has been already described earlier 58 within the Caldeira-Legget model 59 , which relates SSB to tunneling suppressed by dissipation. In our case SB is a purely coherent phenomenon. Dissipation destroys EP and SB.
In condensed matter physics a classification of states with broken symmetry is based on the group theory, which limits the possible number of different states. In the case of CR in RTS the mirror symmetry is the only symmetry that is broken. However, the number of resonances which coalesce can vary. We have shown that a variety of exceptional points and related phenomena characterized by coalescence of a different number of resonances can be classified in terms of the catastrophe theory.
A direct experimental observation of a coalescence of resonances in RTS is not a simple task. In common current-voltage characteristic measurements the peculiarities of the transparency coefficient near EP in the expression for the current could be smeared out by a contribution of electrons with different energies within the extended Fermi-distribution. Hence, delicate differential transport measurements and/or a implementation of selective in energy electron sources are required. The latter can be realized, for example, with the help of traditional technique based on resonant tunneling 60 . Another feature, which can have possible applications is a specific non Breit-Wigner transmission profile (47) . In optical systems, where, contrary to electron systems, monochromaticity is essential, transmission peculiarities can be observed directly. So, such a profile creates a wide window with almost perfect transmission.
wherep N −2 ,q N −2 andr N −2 are the corresponding polynomials from (A2) with the reindexed τ i . Thus, substituting (A4) into (A3), we show that D 1 1 N is a polynomial of ω 2 , which proves the first equality in (A2). The second and the third equalities in (A2) can be proved by the same arguments. So, after showing that (A2) is true, we can substitute it into (A1) and get that for an even N polynomial Q is the N/2-th order polynomial of ω 2 . For an odd N in the same way one can prove that Q is a polynomial of ω 2 multiplied by ω, i.e. it consists only of odd powers of ω. Cases N = 1 and N = 3 are easily checked straightforwardly and for an odd N > 3 once again we can use the mathematical induction just as it was done above for an even N . So, first we show that
Then substituting (A5) into (A1) finishes the proof of the polynomial Q to be the (N − 1)/2-th order polynomial of ω 2 multiplied by ω in the case of an odd N .
